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Abst ract - -A  program in the symbolic manipulation language Maple hes been developed for gezm~ 
sting orthoa~md polyno~',~l, over (-1, 1) with the weight function w(x,k) = =k, for even k. The 
progr&m also (i) finds the roots of these polynomi~dB m~l (H) expands s test function in tin-ms of these 
pdyzom~. 
The computer algebra system Maple [1] is a powerful tool for symbolic manipulation. Classical 
polynomials like the Jscohi polynomials can be generated by using the built-in-functions in the 
Maple's "orthopoly" package. The present work is an attempt o generate and study general 
orthonormal polynomials over (-1, 1) derived from a given weight function w(z) which must be 
nonnegstive [2] and should satisfy f l  I w(z) dz > O. 
We choose the weight functions w(z, k) "- z ~ for even k and employ the three-term recurrence 
relation [2,3] 
a.  p(n, k) -- (z - bn)  p (n  - 1, k) - c~ p(n - 2, k) (1) 
to generate the polynomials p(n, k) which are implied to be functions of z. 
The symmetry of the weight function implies [3] 
b, = 0, 
which simplifies Eq. (1) to 
where 
. .  p(n,  k) = xp(n  - 1,k)  - c .p (n  - 2, k), 
/* 
~. - xp(n -  1 ,k )p ( .  - 2 ,k )w(~,k )  dx 
1 
and 
a. = l/l_lz2p(n- l,k)p(n- l,k)w(z,k)dz-e~l 
The initial two polynomials are given by 
(2) 
and 
p( - l ,  k) = O, 
p(o,,)= l/ (f~,,.(~,.)d~). 
We have been unable to communicate with the author with respect o galley proof corrections. Hence, this work 
is published without he benefit of such corrections. (Ed.) 
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2 A.K. BIsol 
A function f(x) can be represented by a series of these polynomials as 
.fO,) = pO, k), 
J 
where the expansion coefficients are given by 
= p(J, k) k) ex. 
1 
The Maple program is given in the appendix followed by the output obtained on the Convex 
supercomputer at ICTP. It is to be noted that, in the program, there is a need to tmassign the 
value of variables through statements like z := 'z~, due to the "full evaluation" peculiarity [la] 
of the Maple language. 
The following are the output from the program: t 
(i) Expansion of the test function f (x)  = exp(x**2) in terms of the Chebyshev polynomials, 
using the built-in "chebyshev" function. 
(ii) Listing of polynomials up to the 7-th degree for b = 0, 2, 4, 6, i.e., for weight functions 1, 
x**2, 'x**4, and x**e. From this listing We observe that for odd n 
r,(n,k) =zv(n-  1,k + 2). 
(iii) List of isolating intervals for roots of the polynomials obtained through the "realmot" 
function of Maple. The width of the interval has been chosen to be 1/100. As expected [3] 
for a symmetric weight function, the roots occur in pairs, symmetrically situated on either 
side of zero. 
(iv) Expansion coefficients for fitting f(x)  = exp(x**2) by the polynomials, for the weight 
function parameters k = 0, 2, 4 and 6. 
The program can easily be modified to cater to more general intervals and weight functions. 
It is hoped that the present work will stimulate further study of orthogonal polynomials through 
use of the Maple language. 
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APPENDIX  
Program 
e: - -p roc(y ,k )  y*k end; 
f:--proc(z) exp(z'2) end; 
screenw:Ldth:=64: 
1~ettTpr ia t :=2:  
# the chebyshev expansion o~ exp(x'2) 
chobyshovCf(x),x); 
re~£b( re~oot ) :  
~or k ~ro l  0 by 2 1:o 6 
do 
p[-1,M] :=0: 
od:  
npol:=7: 
k:=Jk  ~ : 
1Due to l;m;t~ti~ d space, only the case of k = 2 ;- reproduced in the Appendix. 
fo r  k from 0 by 2 to  6 
do 
X:=~X~: 
den:=sqr~(int(.(x,k),x=-l..1)): 
p[O,k ] := l /den:  
fo r  n from 1 by 1 to  npol  
do 
X: f JX  ~ : 
nl : =n-1 : 
n2 :=n-2 :  
f c  : =x*w(x,k)*p [n l ,k ] *p  [n2,k] : 
f c l :  =expand(fc)  : 
c:=int  ( f c l ,x=- l . .1 )  : 
fa :  =x*x*p [nl  ,k] *p[n l  ,k] *w (x ,k)  : 
fa l :  =expand( fa)  : 
a l  := in t  ( fa l  , x=- I . .  1 ) -c '2 :  
a2 :=sqr t  (a l )  : 
a: - -norn l (a2)  : 
t e',~p= (x*p [nl ,k.] -c*p In2, k] )/a: 
tempO : =normal ( t  emp) :
tempi  :=expand(tempO) : 
p [n ,k ]  : =simpl i fy ( tempi )  : 
od: 
od: 
# pr in t ing  the  po lynomia ls  
k:=~k~ : 
n: =JIl J : 
fo r  k from 0 by 2 to  6 
do 
pr in t (  'Weight funct ion  w(x)=x" ' ,k; 
fo r  n from 0 by 1 to  npol  
do 
print( 'p(' ,n ,k ,  t)=, ,p [n,k]  ) ; 
od ; 
od: 
# f ind ing  the roots 
k :=Jk  ~ : 
n:=~n' : 
for k from 0 by 2 to 6 
do 
for n from I by I to npol 
do 
r: --realroot (p In, k ] ,  1/100) : 
pr in t ( ' fo r  p ( '  ,n ,k ,  ' )  ' )  ; 
p r in t  ( r )  ; 
od; 
od; 
# fitting function exp(x'2) 
k : f J k  ~ : 
II: = Jn  J : 
for k from 0 by 2 to 6 
do 
print( 'for k=' ,k) ; 
for n from 0 by I to npol 
do 
x :=Jx  ~ : 
fun:  =f (x)*p [n,k]*w(x,  k) : 
beta[n] :=evalf (int (fun,x=-l.. 1)) : 
pr in t (  'beta (  ' ,n,  ' )= '  ,beta [n]  ) ; 
od; 
od; 
qu i t ;  
Maple prognun 
A.K. Blsol 
E=ec,Atio~ 
w := p=oc (y, k) y**k end 
Z := proc (z) oxp(z**2) end 
# 'd ie  chebyshev expansion of oxp(x'2)  
1.763887656 T(O, x) + .8503916538 T(2, x) + .1052086936 T(4, x) 
+ .008722104734 T(6, x) + .0005434368312 T(8, x) 
-5 
+ .00002711643492 T(IO, x) + .1128132778*10 T(12, x) 
-7 -8 
+ .4024662184,10 T(14, x) + .1257902448.10 T(16, x) 
# prin1~in E ~he polynomials 
VeiSht funcl:ion ~(z)=z' ,  2 
:1.12 
3 
pC, 0, 2, )=, 
1/2 
2 
112 
x5  
p(, 1, 2, )=, 
1/2 
2 
I/2 
7 
p( ,  2, 2, )=, 1/2 
p( ,  a, 2, )=, a12 
2 
Cs z - a) 
112 
2 
2 
z (7  z - 5)  
p(, 4, 2, )=, lle 
p( ,  6, 2, )=, 1/8 
p(, e. 2, ):. alle 
112 
2 
4 2 1/2 
(63 x - 70 x + 15) 11 
1/2 
2 
1/2 4 2 
z 13 (99  X - 126 x + 35) 
112 
2 
112 6 4 2 
8 (429 x - 693 z + 315 x - 35) 
112 
p( ,  T. 2, )=, 1/s2 z 
# ~ludlag ~he roo~s 
~or p( ,  1, 2o ) 
[ [o,  o33 
~or p(, 2, 2, ) 
99 25 25 
[ [  . . . .  , - - - -3 ,  [ -  , 
128 32 32 
~or p(, a, 2, ) 
I /2  
6 
6 4 2 
(715  • - 1287 x + 693  z - 105)  
99 
. . . .  ..]] 
128 
27 109 
C[O, 0] ,  [ - - - - ,  . . . . .  3, [ -  
32 128 
fo r  p( ,  4, 2, ) 
17 69 116 29 
Map~ program 
109 27 
, ] ]  
128 32 
69 
[ [ - - - - ,  . . . .  -3 ,  [ -  . . . .  , . . . .  3 ,  [ -  
32 128 128 32 
29 115 
[- , . . . . .  ]3 
32 128 
for p(, 6, 2, ) 
81 41 69 
E Eo, o3, [ . . . . .  , . . . .  3 ,  [.  
128 64 64 
119 69 
C- , . . . .  33 
128 64 
fo r  p( ,  6,  2,  ) 
51 13 47 98 
E[ . . . . .  , - - - -3 ,  [ - - - - ,  
128 32 64 128 
13 51 95 
E- , ], [- , 
32 128 128 
fo r  p( ,  7,  2,  ) 
66 101 
[[o, o3,  D I2 , - - - - -3 ,  [ . . . . .  
128 128 
66 61 
[ . . . . . .  , - I12] ,  [ -  , 
128 64 
# fitting function exp(x'2) 
for k=, 2 
beta(, O, )=, 1.537826504 
beta( ,  1, )=, 0 
beta( ,  2, )=, ,3809879753 
beta( ,  3, )=, 0 
beta( ,  4, ) : ,  .04718609486 
beta( ,  5, )=, 0 
beta( ,  6, ) : ,  .003905732535 
beta( ,  7, )=, 0 
t28 
17 
. . . .  ] , 
32 
121 61 
. . . . . .  ], C . . . . .  , . . . .  ], 
128 64 
47 61 121 
--3, [- , . . . . .  33 
64 64 128 
61 61 123 
, - - - -3 ,  [ . . . .  , . . . . .  3, 
64 64 128 
101 123 61 
.3 ,  [ -  , . . . .  3 ]  
128 128 64 
119 41 81 
, 3 ,  C- , . . . . .  ] ,  
128 64 128 
